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^SJ ' Abstract 

The description of almost periodic or quasiperiodic structures has a long tradition in math- 
ematical physics, in particular since the discovery of quasicrystals in the early 80's. Frequently, 
the modelling of such structures leads to different types of dynamical systems which include, de- 
pending on the concept of quasiperiodicity being considered, skew products over quasiperiodic or 
almost-periodic base flows, mathematical quasicrystals or maps of the real line with almost-periodic 
displacement. An important problem in this context is to know whether the considered system is 
Xy^ ' semiconjugate to a rigid translation. We solve this question in a general setting that includes all 

^*^ I the above-mentioned examples and also allows to treat scalar differential equations that are almost- 

• . periodic both in space and time. To that end, we study a certain class of flows that preserve a 

1 -^ ' one-dimensional foliation and show that a semiconjugacy to a minimal translation flow exists if 

C^ , and only if a boundedness condition, concerning the distance of orbits of the flow to those of the 

translation, holds. 



1 Introduction 

A classical topic in the theory of dynamical systems is the study of cohomological equations. For 
minimal base transformations, the well-known Gottschalk-Hedlund Theorem states that the exis- 
tence of continuous solutions is equivalent to the boundedness of the associated cocycle. 
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l/^ ' Theorem 1.1 (Gottschalk-Hedlund). Suppose il is a compact metric space, $ : TxQ — >■ fi, {t,x) 



^t{x) is a m,inimal flow with tim,e T = Z or R, p G R and a : T x fi — >■ R, (t, x) i— >■ at{x) is a 



(^— N ■ continuous cocycle over $, that is, 

(1.1) as+t{x) = a.s{'i>t{x)) + at{x) 

Then the cohomological equation 

^; (1.2) Qt=7-7o$t + fp vteT 



has a continuous solution 7 : fJ — >■ R i/ and only if there exists x £ Q, such that supjg.j \at{x) — tp\ < 
00. Moreover, in this case 7 can be defined by 

(1.3) 7(3;) = lim sup at (a;) — f p . 

t — ^oc 

// $ is not minimal, then i[j.3|) yields at least a bounded solution of {777]). 

A closely related question is that of the existence of a semiconjugacy, also called a factor map, 
from a given map to a rigid translation. For example, suppose / is an orientation-preserving 
homeomorphism of the circle with lift J" : R — ;■ R, and p = lim„_nx>(-F'"(a;) — x)/n is the rotation 
number of /. We say a continuous onto map /i : T^ — > T^ is a semi-conjugacy from / to the rotation 
Rp with angle p if there holds h o f — Rp o h. Writing h{x) = x + ^(x) mod 1 with continuous 
7 : T^ — ^ R, it is easy to see that /i is a semi-conjugacy if 7 is a solution of the cohomological 
equation H1.2|) with $n(s) — F'^(x) and an(x) — F"{x) — x. In comparison to the Gottschalk- 
Hedlund Theorem, it is noteworthy that this equation always has a continuous solution provided 
that p is irrational, such that Rp is minimal, independent of any minimality assumption on /. This 
is the main content of the celebrated Poincare Classification Theorem. 
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Theorem 1.2 (Poincare). Suppose f is an orientation-preservmg homeomorphism of the circle 
with lift _F : R — >■ K. Then the limit p{F) = \im„^oo{F"'{x) — x)/n exists and is independent of 
a; £ R. Furthermore, there holds 

(i) p{F) IS rational if and only if f has a periodic orbit. 

(a) p{F) IS irrational if and only if f is semi-conjugate to the irrational rotation Rp^p)- 

The core part of this result is the existence of a semiconjugacy to an irrational rotation in (ii). 
In general, we call the task of finding equivalent conditions for the existence of a semiconjugacy to 
a given minimal translation the semiconjugacy problem. (Here 'translation' will be understood in 
a broad sense, made precise below.) Recently, the authors have independently made some progress 
on this question. In JS06 , a Poincare-like classification is given for skew-products on the two-torus 
over irrational rotations (so-called quasiperiodically forced circle homeomorphisms) . For maps on 
mathematical quasicrystals, a similar classification was obtained in |AP10) . While in both situations 
strong use is made of the order-preserving properties of the considered systems, corresponding to the 
existence of a one-dimensional foliation that is preserved by the dynamics, the methods employed 
are quite different. 

In order to obtain a unified proof of these results, we introduce a general setting below that also 
allows to treat a number of other system classes, including minimally forced circle homeomorphisms, 
increasing maps on the real line with almost-periodic displacement (see KwaOO ) and scalar differ- 
ential equations with almost-periodicity both in space and time. All these different types of systems 
have been studied rather independently in the literature so far. The proposed framework should 
allow to study them from a more global point of view and to identify similarities and differences 
between them. To that end, we provide some structure results for our general class of flows, which 
identify important subcases to which some of the above examples can be associated. 

Suppose n is a compact metric space, (^ : R x fi — >■ n, (i, x) i— >• ifitix) = x Q t is a. continuous 
flow on il and oj : T x fJ — > Jl, {t,x) i-^ Ldt{x) is a flow with discrete or continuous time (that is, 
T = Z or T = R) which commutes with ip, that is, 

(1.4) LJsixQt) = ujs{x) Qt . 
We say p £ R is (ip,uj) -irrational if the translation flow 

(1.5) T" ■ (t, x) ^ T^{x) = ujt{x) tp 

is minimal. Otherwise we say that p is {tp,u}) -rational. Now, assume that riTxfi^-Risa 
continuous function that satisfies 

(1.6) Ts + t{x) = Ts{uJt{x) Q Tt{x)) + Tt{x) , 

such that 

(1.7) ^^^"^'"'^ : Txn^f7 , {t,x) ^ ^t[x) = ujt{x) Q Tt[x) 

defines a flow with time T on SI. We call u) transversal action and r translation function of $. 

An interpretation of the structure of (|1.7|) is that there is a one-dimensional foliation on Q. given 
by the orbits of ip, and the flow $ preserves this foliation in the sense that leaves ipm{x) — {ipt{x) \ 
t G R} are send to leaves ipu{iJt{x)) by $t. We will further require $ preserves the order on these 
leaves, which amounts to say that 

(1.8) t-\-T{xQt) > t{x) VxGn,f>0. 
fSee Remark 11.51 below.) If the limit 

(1.9) p(<E>) = lim rt{x)/t . 

exists and is independent of s G SI, we call it the translation number of $. Further, we say $ has 
bounded mean motion if there exists a constant C > such that 

(1.10) \Ttix) - fp($)l < c \/xen, teT . 
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Theorem 1.3. Suppose p{^) is {ip,uj) -irrational. Then the cohomological equation 

(1.11) Tt{x) = 7(x)-7o$t(a;) + t/9(<l>) 

has a continuous solution 7 : fJ — > R i/ and only if $ has hounded mean motion. In this case, the 
map 

(1.12) h{x) = x0 7(x) 

provides a semi-conjugacy from $ to the translation flow T''^ '' , that is, h o ^t — T^ o h for all 
t £ T. Moreover, h can be chosen to be order-preservmg on the leaves (f^{x),x £ il, that is, Hl.Si) 
holds with T = 'J. 

A further immediate consequence we obtain from the proof in Section [2] is the following. 

Corollary 1.4. Under the assertions of Theorem M.'A the flow $ has a unique minimal set. 

The application of these results to the different examples mentioned above will be discussed in 
detail in Section [l] We close the introduction with a remark on (|1.8p and the order-preservation on 
the leaves. 

Remark 1.5. We call ^pw{x) the leaf oi x and say the leaf is periodic if there exists to > with 
ifitoix) = X. The natural order on R, respectively R/io^, induces a canonical order on ip^(x). 
If the leaf is aperiodic, that is, ftix) 7^ x for all f 7^ 0, then this order is linear and given by 
3; < y :<=> y = X Q t for some i > 0. When the leaf is periodic with period to, then the order is 
circular and is declared hy x < y < z being equivalent to the existence of < s < t < to with 
y = X Q s and z = x Qt (y lies between x and z in positive direction). In both cases, (|1.8|) implies 
that the flow $ preserves the order on the leaves, that is, a; < y < z implies $4(2;) < ^t{y) < ^t{z) 
for all t e T. 

Given y £ ipR{x), we write [x,z] = {y £ <^k(2;) \ x < y < z} to denote intervals in the leaves 
with respect to the canonical ordering. 

2 Proof of Theorem [TS] 

Due to H1.6|) the function r is a cocycle over the flow $, that is, 
(2.1) Ts+tix) = MMx))+rtix) . 



By ()1.10[l and the Gottschalk-Hedlund Theorem 

(2.2) 7(3;) = hmsup(rt(x) — tp) 



defines a bounded solution 7 : fJ — >■ R of the cohomological equation (|1.11|) . and the restriction of 
7 to any minimal set M is continuous. As a consequence, the map h{x) = x Q 7(3;) satisfies 

(2.3) ho^t = r/"'*' oh Vt e T. 



Moreover, H1.6[l and the fact that <I> preserves the order on leaves imply that 

(2.4) t + 7(2;0i) > l{x) , 

which means that h also preserves the order on leaves (see Remark ll.5|l . It remains to show that 7 
is continuous on all of il. 

In order to do so, fix any minimal set M and let p — p('&). Since 7|m is continuous, h^M is 
continuous as well. Due to 1)2. 3|) the set h{M) is T''-invariant, such that by (ip, cj)-irrationality of p 
we have h{M) = Q. Given x £ Q, we let TZm(x) — {t£'M.\xQt£ M}. Since 7 is bounded and h 
maps a; R n M onto a; R, the set TZm (x) is relatively dense and the size of its maximal gap is 
at most 2sup^gQ |7(2;)|. Given x £ M, define 

(2.5) t+(x) = inf{t > I x0t e A/} , t"(x) = sup{t < | a; t £ M} 

(2.6) a;"*" = a;0t+(a;) and x~ = x0t~(a;) . 

Then t"*" and t~ are bounded and due to the compactness of M the function t+ is lower semi- 
continuous and t~ is upper semi-continuous. Furthermore, since h preserves the order on the leaves 
and maps a; R fl Af onto x R, it must be constant on the interval [x~ , a:"*"], that is, 

(2.7) hix') ^ h{x+) ^ h{x) ^ h{x') Va:' G [a:",a;+] . 
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In particular, this means that 

(2.8) 7W = 7(^*)+t*W . 

Fix X £ Q and suppose x'„ is a sequence in Q converging to x. Let x„ be a subsequence of x'„ such 
that ^{x„) converges. Let t^ = t^{xn) and t~ = t~{xn)- Taking a subsequence again if necessary, 
we may assume that i^ ^- s^, t^ ^- s~, a;^ — ^ y^ and x^ ^- y~ as n -^ cxd. We have y^ = xQ s^ , 
y~ = X Q s~ and, since x^ £ M, the points y^ and y~ also belong to M. By definition of t^, we 
therefore have s"*" > i^ and s~ < t~ . Further 



(2.9) lim 7(s„) 'P' lim 7(2;+) +f+ = 7(y+) + s+ = 7(2; s+) + s+ > 7(2;) . 

n — ^oc n— ^oo 

In the same way we obtain lim„^oo 7(3^11) = 7(j/~) + s~ < 7(3;), which implies lim„^oo l{xn) = lix). 
This argument shows that any convergent subsequence of 'y(x'„) has limit 7(2;), and since 7 is 
bounded we conclude lim„_>oo 'yix'^) ~ ^(x). Since x and x'„ were arbitrary, this shows the continuity 
of 7. D 



Proof of Corollary 11.41 Suppose for a contradiction that Mi and M2 are two different minimal 
sets of $. Then Mi n M2 = by minimality, such that M2 C Mf . As Mi is compact, the set 
fR{x) n Ml consists of an at most countable union of open segments in ipu{x), each of which is 
mapped to a single point by h (see (|2.7|) '). However, this means that h{(fiR{x) n M2) is at most 
countable, contradicting the fact that h{ipB.{x) n M2) = ipR{x) since h{M2) = Q.. D 

3 Two structure results 

In this section, we study the structure of the joint action of ip and uj and the implications for $. In 
particular, we concentrate on some situations where the general setting introduced above reduces 
to a simpler one. As a standing assumption, we assume the minimality of the joint action of ip and 
u). Note that otherwise no (y3,a;)-irrational numbers can exist. 

Our aim is to show that if a periodic leaf exists, then $ 'almost' reduces to a skew product circle 
flow. 

Proposition 3.1. Suppose that the joint action of if and ui is minimal, and that tp has a periodic 
leaf. Then there exists an Lj-minimal set W and a skew product flow vp on W x T^ which is a 
finite-to-one extension of the flow $ defined in JJ.?] ). 

Further, there exists a continuous lift ^tiW^xR— )-VKxRo/^ whose displacement function 
ft{x,s) — ■K2{'^tix, s)) — s is a scalar multiple of to gop, where g : W xT^ -^ fl is the finite-to-one 
factor map and p : W x M. ~^ W x T^ is the canonical projection. 

Note that the second part of the statement implies that for all questions related to the translation 
number, one may equivalently consider vl* instead of $. 

In order to prove the above statement, we start with some general considerations. First, given 
any closed set W , we define its invariant group Hw as 

Hw ■■={pe'R\WQp^W}. 

From the continuity of p, it is clear that Hw is a closed subgroup of R. This means that Hw is 
either trivial, R, or a lattice in R. 

Lemma 3.2. Suppose that the joint action of p and u is minimal. Then there exists a closed 
subgroup H — H^^^j ofM. such that Hw = H for all (non-empty) u-minimal sets W . 

Proof. Fix a (non-empty) ix)-minimal set W and set H — Hw- We deal with the three possible 
cases for H separately. 

First, suppose that _ff = R. Then W is invariant for the joint action. Since this action is 
minimal, it follows that W = X and therefore there is only one non-empty cj-minimal set, from 
which the conclusion is direct. 

Second, suppose that _ff is a lattice, that is, H — soZ for some so > 0. On one hand, due to the 
continuity of p we have that 

Y ^Uteio.so)WQt 

is closed. Since it is also invariant for the joint action, it follows that Y = X. On the other hand, 
it is easy to see that W Q t is an a;-minimal set for every t G R. This implies that t — s £ sqL 
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whenever WQtClWQs is not empty. It follows that {W Qt : t £ [0, so)} is a partition of X by 
cj-minimal sets. In particular, Hw = sqZ for all aj-minimal sets W . 

Finally, if Hw = {0}, then for every tj-minimal set W' we have Hw' = {0}. Indeed, if we 
suppose otherwise, then by the above Hw is either R or a lattice, which is absurd. D 

We now focus on the case where H is a. lattice, that is, H — sqZ. In this case, it turns out that 
if is conjugate to a suspension flow, which we define as follows. Let a : W ^ W, x ^^ x Q sq. Note 
that a is continuous and commutes with w\w- Let ^o- the smallest equivalence relation on W^ x R 
that satisfies (i, s + fcso) ~o- {(j''{x),s) \/{x,s) £ W x'M., k £ Z. We denote by [s, sjo- the equivalence 
class of {x,s) £ VK X R with respect to ^^ and let Wa = W x R/ '^o- be the suspension space. Then 
we define the suspension flow •.p^'" on W^ by ip^ '"^[a;, s\a = [s, s + tjo-. 

Now, it is easy to check that the map h : Wa —^ S7, h{[x,s]cr) = a; s is a homeomorphism. 
Further, we have h o ip^ '"^([a;, s]a-) = x Q {s + t) = h{[x,s\a) Q t = cpt o h{[x,s]cr), such that h 
conjugates ip^''^ and (p. We have thus obtained the following statement. 

Corollary 3.3. If H is a lattice then, for every oj-minimal set W, the flow ip is conjugate to the 
suspension flow ip^'" defined above. 

As a consequence, we can also view the flow "I> as a flow on the suspension space Wo-. Namely, 
let <i> : Wa- X R — >■ Wo-, ^t([x, s]ct) = [i-^ix), s + Tt{x Q s)]a-. Then it is easy to check that h deflned 
above conjugates "!> and $. 

Corollary 3.4. If H is a lattice, then the flow $ from {_?.?[ ) is conjugate to the flow "I> on the 
suspension space Wa. 

We now turn to the situation where (p has a periodic leaf. In this case, all leaves are periodic. 

Lemma 3.5. Suppose that the joint action of (p and uj is minimal and (p has a periodic leaf. Then 
all the leaves of (p are periodic with the same period. 

Proof. Suppose t is the period of a leaf ip^{x), such that x Q t = x. Since uj commutes with ip, 
it is clear that cusix) Q t = u}s{x). Hence, cj sends periodic leaves to periodic leaves. Fix any 
y G X. Due to the minimality of the joint action of tp and uu there exist sequences (tfc)fcgN and 
(sfe)fceN in T such that j/^ = cjtkix) Sfc converges to y. Since all y^ are t-periodic, it follows that 
y Qt = lirufc^oo yk Qt = lirufe^oo yt = y. From this, we easily obtain that all leaves have the same 
period. D 



Proof of Provosition 13771 Fix an u-minimal set W and let so, cf and W^ be as above. By Lemma 
13.51 all the orbits of p> are periodic with period io. In particular we have W Qta — W , such that 
Hw is a lattice sqZ and to = fcso for some k £ Z. Consequently, a'' is the identity map on W. 

Now we define a flow ^I" on VK x R by '^t{x,s) = {u!tix),s + tQ^Tt{x tos)). Further, we let 
g : W xR -^ Q, he given by g{x, s) — x Q tos. Then 

govI't(a;,s) = ujt{x) Q {tos + Tt{x Q tos)) 
= cjt(a::0ios) 0Tt(a;0tos) 
= <l>t(x0ios) = ^tog{x,s). 

Hence, g is a semiconjugacy from ^ to <I>. Furthermore, 'I' projects to a skew product circle flow 
'^ on W X T^ and g projects to a map g : W x T^ ^ il. It is easy to check that this map g is a 
finite-to-one factor map (or semiconjugacy) from $ to $. The fact that the displacement function 
of the lift ^ has the required form follows immediately from the above definition. D 

A second situation in which the general setting simplifies is when there exists an invariant leaf. 

Proposition 3.6. Suppose that the joint action of p and ui is minimal and that there is a ip-orbit 
that is invariant by uj. Then there exists p G R such that uJt{x) = x Qtp for all x £ X and t G T. 

Proof. Suppose <Pr{x) is w-invariant. Given f G T there exist p{t) G R such that uut{x) — x Q tp{t). 
Due the minimality of the joint action, for every y £ X we can find sequences (ife)fegN C R and 
(sfe)fegN C Z such that limfe_>oo J/fc = limfe->oo ^tt.{x) Q Sk = y. It follows from the continuity of uj 
that utiVk) converges to ut{y). Since the actions of w and ip commute, we deduce that 

'^t(y) = lim ojt{yk) 

fc— )-oo 

= Urn LUt^{u}t{x)) Q Sk = lim {uit^{x) Qtp{t))Q Sk 

k—^oo fc— Voo 

= lim (cot^ix) Q Sk) Q tp{t) = yQtp{t). 

fc— >-oo 
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The above equality holds for all y £ Q, such that for all i G T there exists a unique p{t) with 
'^t{y) = y Q tp{t) Vj/ G il. A simple compatibility check yields that p{t) is the same for all rational 
(or integer) f £ T. If T = Z this completes the proof, otherwise the statement follows from the 
continuity of a;. D 

4 Applications 

Before we turn to more sophisticated applications, let us indicate how the two classical examples 
mentioned in the introduction fit into this framework. For the Gottschalk-Hedlund Theorem, we 
choose T — Z and (ft = Ido Vi £ T. Thus $ = w, and in particular $ is independent of r. This 
implies that every p G R is {(p, aj)-irrational provided that uj is minimal. Hence, in this particular 
case, we see that Theorem [LS] is equivalent to Gottschalk-Hedlund Theorem. 

In order to obtain part (ii) of the Poincare Classification Theorem we let fi = T'^, ifitix) — 
x + t mod 1 and choose cj to be trivial, that is, cjt = Idn Vi G T = Z. Further, given f G Z^ we choose 
Tt{x) — F^(x) — X, where F : R — >■ K is a lift of the orient at ion- preserving circle homeomorphism 
/. Then $ and T'' with p — p{^) — p{F) are given by their time-one maps $1 = / and T[ — Rp. 
Further, |-F'(a;) — 2; — tp| < 1 Va; G R, f G Z (see, for example, [KH97J '). Hence, when p is irrational, 
such that T'' is minimal, then Theorem 11.31 provides the required semiconjugacy from f to Rp. 



We now want to apply Theorem ll.3l to some important classes of examples. The skew products in 
Section [4.11 correspond to the case of periodic leafs described in Proposition [371] The examples from 
Section 14.21 all have in common that the transversal flow lj is trivial, such that leafs are preserved 
one-by-one as in Proposition 13.61 Only in Section 14.31 we then make full use of the generality of 
(|1.7[) . by considering systems that have both non-trivial transversal action and non-periodic leafs. 

4.1 Skew products circle flows over a minimal base 

Suppose Qo is a compact metric space and ti : T x Jlo ^' f^o a minimal flow with time T = Z or R. 
Let fi = fio X T^ and write x — {xo,x') G fl. We consider skew product flows 

(4.1) <^:Txn^Q , $t(so,x) = {Cjtixo),^r{x)) 
over a base flow uj. We say <I> is a lift of $ if it is a continuous map 

(4.2) $ : T X r^o X R-^^o X R , {t,xo,x) ^ {Cjt{xo),'%'l"{x')) , 

that satisfies $^°(a;') mod 1 = 'l>^°(a;' mod 1). 

Corollary 4.1. Suppose ^ is a skew product flow of the form J^. J[ ) with lift $ and the product flow 
T'' : {t,xo,x') 1—^ {iot{xo),x' + tp mod 1) is minimal. Then $ is semiconjugate to T'' if and only if 

(4.3) sup \<l>t°{x') -x' -tp\ < cx) . 

Proof. It suffices to note that $ is of the form (ll.7|l with tpt(xo, x') = (xq, x' +t mod 1), ujtixo, x') = 
(Qtixo), x') and Tt(xo, x') = S^" {x') - x'. D 

We note that so far the result was only known in the case where uq is an irrational rotation of the 
circle [JS06) . The proof given in |JS06| can be extended to irrational rotations of higher-dimensional 
tori, but does not carry over to the general situation described here. 

CoroUarv l 1 .4l further implies that under the hypotheses of Corollarv l4.1l there is a unique minimal 
sets. However, in this case a result by Huang and Yi yields the uniqueness of the minimal set also 
when mean motion is unbounded, that is, when 1)4. 3[) fails [HY09I Theorem 7]. This leads to the 
following 

Corollary 4.2. Suppose ^ is a skew product flow of the form RTTp and the product flow T'' : 
{t,xo,x') !->■ {ijJt{xo),x' + ip mod 1) is minimal. Then <I> has a unique minimal set. 

Finally, we note that the uniqueness of the rotation number of skew product flows depends on 
the unique ergodicity of the base flow. 

Theorem 4.3 f [Her83p . Suppose ^ is a skew product circle flow of the form iRTTp and the base 
flow UJ is uniquely ergodic. Then the limit 

p(<l) = lim $r(a;')A 

t — yoo 
exists and does not depend on xq ^ ^o or x G M. 



Almost periodic structures and the semiconjugacy problem 7 

4.2 Aperiodic order on the real line 

Let / : R — >■ R be a continuous non-decreasing map. The translation number of / at a; is defined by 

p(/,i):= lim Z!W^ 

provided tfie limit exists. As pointed out in the introduction, in the case that / is the lift of an 
orientation-preserving homeomorphism of the circle, the translation number of / at a; exists for 
every a; G M and does not depend on x. Notice that in this case the displacement function, which 
is defined as tj) :— f — id is 1-periodic. In this section, we are interested in the case when </!> is no 
longer periodic but has some sort of "quasiperiodicity" . a 

4.2.1 Almost-periodic displacements 

We first deal with the case where (j> is almost periodic. Recall that a function (f) is almost periodic 
(in the sense of Bohr), if the family {0(- + t) : t & R} has compact closure in C(R) endowed with 
the topology of uniform convergence. We write X,j, for the closure and ^t ~ i'i.' + *) for ^^ t £ R. 
There is a natural multiplication defined on X^. Namely if ^ = lim„ ^t„ and ^' = lim„ ^s„ belong 
to X^, then 

C-C' :=lim^t„+s„ 

n 

is well-defined and {X^, ■) is a compact Abelian group (see, for instance, [E1169] for details) with 
identity ^o- Note that ^ • S,t{-) = C(- + *); fi^nd this defines a natural fiow (?!) : (t, ^) i— >■ ^ ■ .^t =: C © * 
on X^. 

The map / : R — >■ R given by f{x) = x -f (j){x) can now be studied as follows. We let t : X^ -^ 
R, f H" f (0) and define F : X^ -^ X^ hy 

(4.4) F(e) = e r{0 ■ 

Then F{it) = £,tQ 6(0) = ^ © ^(i) = C/(t)- Consequently h:R^ X^, t ^ £,t satisfies h o f{t) = 
S,f(^t) ~ F{(,t) = F o h(t), such that / can be identified with _F|{^j|tgi{}. In this setting, uniqueness 
of the rotation number was shown by Kwapisz. 

Theorem 4.4 ( [KwaOO] !. /// is orientation preserving and cf) is bounded away from zero, then F 
has a unique translation number 

p{F) = lim ^Y^roF^i) = lim i^ro,r(i), 

n— >oo n ^ — ' n— foe n ^ — ^ 

i = 1 = 

meaning that the limits exist and are independent of (^ £ X^ and f £ R. 

Note that the system obtained in 1)4. 4|) can be written in the general form H1.7|) with time T = Z 
and trivial transversal action uj — Id. It follows that Theorem II . II can be applied to give a solution to 
the semiconjugacy problem for maps of this type, which was explicitly raised in [KwaOOj . However, 
before stating the result, we first want to understand which numbers are (ip, ij;)-rational. 

It is well-known that every continuous almost periodic function q has a mean value 

1 -^ 



Miq) = ^ lini - / q(t)dt. 



The frequency module of (/> is defined to be the set 

M 



V ) 



where the A„ G R are the (countably many) values of A for which M{(fie~^^^) 7^ 0. We say t G R 
is rationally independent of M ii kt £ Ai with fc G Z implies fc = 0. Further, we call A G R 
a continuous eigenvalue of the flow {X^ , R) if there exists a continuous map g : X^ -^ R which 
satisfies g{^ t) = e*^*g(C) for aU ^ £ X4, and t G R. 

Proposition 4.5 (' [MR04) ). The frequency module of f coincides with the group of continuous 
eigenvalues o/(X^,R). 

Lemma 4.6 f |Gla031 4.24.1]). Let {X,{Tt}teR) be a minimal compact flow. Then for every t G 
R \ {0}, the system {X,Tt) is not minimal if and only if there ts a continuous eigenvalue A of 
{X, {Ttjtgis) such that t\ is an integer. 
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This allows to characterise the (</p,a;)-irrational times. 

Proposition 4.7. Suppose the flow $ in {J.Tp is of the form given by \4.4\l - Then p is (</3, cj)- 
irrational if and only if p~ is rationally independent of M, . 



Proof. By definition, p is ((^, w)-irrational ilT the multiplication by ^p is minimal. By Lemma 14.61 
this happens ilT for every continuous eigenvalue A the quantity \p is not an integer. By Proposition 
14.51 this is equivalent to the fact that kp~^ is not a frequency in M for all A: G Z \ {0}, which means 
that p~^ is rationally independent oi Ai. D 



Corollary 4.8. Suppose that the hypotheses of Theorem, \4-4\ o.^^ satisfied. Further, assume that 
p{F)^ is rationally independent of M and that 

(4.5) sup |F"(x) — X — np{x)\ < co. 

Then F is semiconjugate to the multiplication by ^p(F) ■ 

4.2.2 Pattern-equivariant displacements with respect to quasicrystals 

We now show how Theorem 11.11 can be applied to the case where the displacement (j) is pattern- 
equivariant with respect to a mathematical quasicrystal of the real line. We keep the exposition brief, 
for more details see [APlOj . Recall that a Delone set in M is an increasing sequence X — {9n)n<^z of 
points in R such that < inf„ \6n — d„-i\ and sup„ \6n — On-i\ < +cx3. If the set {6n — Sn-i}nsz is 
finite, we say that X has finite local complexity. Given x £ X and R > 0, the i?-patch of X centred 
at X is defined as P{x, R) = X D [x — R, x + R\. Two patches P{x, R) and P(y, R) are equivalent if 
P{x, R) ~ X = P{y, R) ~ y. We say that X is repetitive if for every patch P — P{x, R), there exists 
M > such that every interval of length M contains the centre of a patch equivalent to P. Given 
a patch P{x, R),t eR and TV > 0, let 

n(P, N, t) ~ #{y e[t-N,t + N]\yeX and P{y, R) ~ P{x, R)} 

denote the number of patches of X that are equivalent to P and whose centre is included in the 
interval \t — N,t + N]. We say that X has uniform patch frequencies if n(P, N,t)/2N converges 
uniformly in i to a limit v(P), which is independent of t, when A'^ — >■ +oo. Finally, we say that 
X is a quasicrystal if X is non-periodic, repetitive and has uniform patch frequencies. A function 
(^ : R — > R is strongly X -equivariant if there exists R > such that X — xr][—R, R] = X — yr][~R, R] 
implies that 

(^(x) = <^(y). 

A continuous function (^ : R — >■ R is X -equivariant if it is the uniform limit of a sequence of strongly 
A-equivariant continuous functions. A continuous function </> is pattern-equivariant if there exists 
a quasicrystal X such that (p is A-equivariant. The most well-known example for a quasicrystal of 
the real line is given by the Fibonacci tiling, which can be constructed by iterating the substitution 

L^LS, 
S ^ L 

starting with the sequence L.L as depicted in Fig. 14. II and then replacing the infinite sequence thus 
obtained by a tiling in which each L is replaced by an interval of length r, where r is the golden 
mean number, and each S by an unit-interval. 

Suppose that the displacement (p is A-equivariant for some quasicrystal A. Then, similar to 
almost-periodic functions, there exists a compact metric space Q, called the hull of A, which is the 
completion of the set 

{A - i 1 t G R} 

endowed with an appropriate metric (we omit the precise definition of this metric here, see |AP10) 
for details). The elements of Jl are all Delone sets, and there is a continuous action F on fi given 
by translations TtY = Y — t for all t G R and Y £ Q,. The repetitivity of A is equivalent to the 
minimality of F and the uniform pattern frequencies property is equivalent to the unique ergodicity 
of F (see [APIO] and references therein for details). Moreover, there is a unique continuous function 
r : f2 ^^ R such that r(A — t) = (j>{t) for all f G R, and thus a continuous map F : Q. -^ Q, defined 
by 

(4.6) F{Y)=Y ~t(Y) , Yen. 

The map F is related to / by the relation F{X - f ) = A - f{t) for all i G R. 
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LS\LS 

LSLLSL 

LSLLSiLSLLS 

LSLLSLSniSLLSLSL 

Figure 4.1: The Fibonacci tiling 



Theorem 4.9 ( [APlOp . Suppose that F : Q. -^ Q. has the form of (|4.6|) . // $ does not have zeros, 
then F has a unique translation number p{F), defined as 



p{F):= lim ^E^(-^'W)- 



The following result (which already appears in [APlOp is again a direct consequence of Theo- 
rem (TTTJ 

Corollary 4.10. Suppose that '^p(F) is minimal, and that sup„ I X]fc=o '^i^^i-^)) ~ '^pC-^)! < °o- 
Then F is semiconjugate to Fpj^) . 

4.2.3 Special flows 

Let us end this section by noticing that both of the above hull constructions, for functions with 
almost periodic and pattern-equivariant displacements, lead to examples of special flows. Recall the 
definition of a special flow. Let X be a compact metric space, cr : X — >■ X a minimal transformation 
and /i : X — !■ R"^ a continuous function. Let X = X x R/ ~, where ~ is the smallest equivalence 
relation such that (x,h{x)) ~ ((t(x),Q) for all x £ X. It is well-known that the natural flow over 
X X R/ ~ descends to a well-deflned flow over X, which satisfles tpt[[x, s)] = [{x, s-\-t)] for all a; € X 
and t, s € R, where [(i,^)] denotes the equivalence class of {x,t). The dynamical system (X, (/s) is 
known as the special flow over a with roof function h. 

In the case of almost periodic functions, the map a can be chosen as the flrst return map to 
X^_s for s > 0, where X^_s is the closure of {5„s | n € Z} in the uniform topology. In the case of 
quasicrystals, a is given by the flrst return map to the canonical transversal f2o = {SI € X | £ fi}. 

4.3 Scalar differential equations almost periodic in time and space 

The study of differential equations with almost periodic right side was already initiated by Favard 
[Fav28) in 1928 and has a long tradition since. |SY98) gives a good overview and more recent 
references. We flrst recall some basic facts. Given / : R x R*^, {t,x) i— ;■ f{t,x) we deflne ft ■ 
R X R'' — >■ R by ft{s, x) — f{s + t,x). Then, similar to above, / is called uniformly almost periodic 
in t if {ft I i G R} has compact closure in C''(R x R'',R'') in the topology of uniform convergence. 
In this case 

H{f) := {ft\te R} 

is called the hull of / and the flow 

LJ : Rxn{f)^n{f) , {t,g)^{t,gt) 

is uniformly almost periodic |E1169| and minimal. An almost periodic scalar differential equation is 
of the form 

(4.7) x' = f{t,x) 

with / : R x R — > R uniformly almost periodic in t. It gives rise to a skew product flow of the form 

$ : Rx-H(/) xR^H(/) xR , {t,g,x) ^ {gt,at,9,x)) , 
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where t M- ^{t,g,x) is the solution of the scalar difTerential equation x' — g{t,x) with initial values 
to = and xo = x. (Here, we make the usual assumptions of Lipschitz-continuity in x in order to 
guarantee the existence and uniqueness of solutions. It suffices to make these assumptions on /, 
since they carry over to the hull , S Y98 Theorem 3.1 in Part 1]. 

When no further structure concerning the dependence of / on a; is assumed, the study of (|4.7|) 
is mostly restricted to the description of bounded solutions and their orbit closures [JohSlj . Much 
more can be said when / is periodic in x and therefore projects to a function on R x T^. In this 
case "I> projects to a skew product circle flow <1> over the minimal base {T-i{f),u)), and an extensive 
theory exists to describe the dynamical behaviour [HY09) . As mentioned above, in this situation 
the rotation number is unique by Theorem 14.31 and Corollary 14.11 provides an equivalent condition 
for the existence of a semiconjugacy to the translation flow (i, g, x) t-^ {gt,x + tp mod 1). 

However, the main interest of the general setting introduced in Section [T] in this context is the 
fact it also applies when / is only almost periodic in x. Given / : R^ — >■ R we deflne ft^x : R^ — > R by 
ft,x{s, y) = f{s + t,y + x) and say that / is uniformly almost periodic m t and x if {ft,x \ (i, x) G R^} 
has compact closure in C°(R'^,R). Further we let 



"(/) - {/t,. l(i,x)GR2}. 
Then (|4.7p induces a flow 

(4.8) $ : Rxn(/)^fi(/) , (t,<7)^(?t,e(t,9) , 

where t i— >■ £,(t,g) is the solution of x' — g{t,x) with initial values to = xq = 0. Again, Theorem 11.31 
can be applied (with u}t{g) — gt,o, ^t{g) = go,t and Tt[g) = £,{t,g)) to determine whether $ is 
semiconjugate to the translation flow {t,g) i— >■ gt,tp on ri{f). 

Corollary 4.11. Suppose that that the translation flow T'' : (t,g) i— >■ gt,tp on Jl is minimal. Then 
the flow $ given by {^.gp is semi-conjugate to T'' if and only if the solution t M- ^(i, /) ofx' — f(t, x) 
satisfies 

(4.9) sup|e(t,/)| < «) . 

teE 

Note that by continuity 1)4. 9p implies supjgg „gn(/) I?(*i5)l < °°- 

In order to give a somewhat more explicit example, suppose F : R^ — >■ R is periodic with least 
period 1 in all coordinates, such that it projects to a function on the four-torus T^ = R^/Z*. Fix a 
totally irrational vector (a, (3) € R", a, /3 G R^ and let f{t, x) = F{t ■ a,x ■ /3). Then the huU Q.{f) 
is homeomorphic to T'', and the skew product flow "I> is of the form 

$ : RxT^^'T* , (t,z) ^ (u + ta,v + Tt{z)l3) , 

where z — {u,v) and r : R x T* satisfies (|1.6|) . Assuming that a = (1,qi), the Poincare section of 
this flow in {0} x T"^ gives rise to a skew product map of the form 

(4.10) * : T'^T' , C^(6' + ai,C + n(0,C)/3) , 

where (^ — (S,^) with 6 £ T^ and (" G T^. One may say that this is the simplest type of dynamical 
systems that exhibits quasiperiodicity in both variables. Note that (the discrete-time flow generated 
by) $ can be written in the general form of ()1.7|) with oJtiO = C + t- (ai,0, 0), ftiO = C + t- (0, /3) 
andrt(C) = rt(0,C), teZ. 

We believe that maps of this type are a good starting point for studying further questions 
concerning the type of flows introduced in Section 2, reflecting the full generality of the setting 
while at the same time having a rather simple structure. Hence, we end by pointing out the 
following still open problems. 

Questions 4.12. (a) Does ^ always have a unique rotation number whenever is not contained 
in the rotation interval? 

(b) Suppose $ is semiconjugate to a minimal rotation on T . Does this imply that '3/ is uniquely 
ergodic ? 

(c) Suppose p($) is {(p,iu) -irrational and let 

^l{z) = {u-\-ta,v + (Tt{z)+e)l3) . 

Then, is the map e H^• p(<I>^) strictly increasing in e — 0? (^Absence of mode-lockingj 
For skew product circle flows, the answer is positive \BJ09^ . 
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